
 
Gwupsactingonthemselvc.sk eftmutipiation
Recall A group G has a natural action on itself by leftmultiplication

i e g h ghwe'llsoon see that thisactionis bothfaithfuland transitive

Ed let G 1 a b c be the non cyclicgroup of order 4 iso to 72 22
also called the Klein Lgroup

Think label the elements g gagagy respectively so that we can

think of each element as a permutation of 1,2 3,43

i e g i j ggi gj

Then Gigi go so g l 2

ga gig so og 2 L

92.93 94 so Gg 374

gig g so g 4 3

Thus g I 2 34

In the permutation representation of this action we similarlycompute

that g L gil g 92 42 34 Gg Gg I3 24 g 94 I4 23

More generally if HEG G acts on the set A of leftcosets of H

by left multiplication ie g htt ghH



We can check this is actually a groupaction

1 htt 1hH HH and it g g cG Cgg htt lggtht.ggg'ghln gg
Note This will not in general be a faithful action

EX If G is abelian and heH then for any coset gH
h.gH ghHwegH i e H is in the kernel of the action

Ex G Dr H 47

There are 4 distinct cosets IH TH r H r H Label them 1 2 3,4

Then s IH SH IH g l l
s arH SrH r H g z 4

s r H sr2H r2H cos 3 3

s r3 sr3H rH as 4 2

Thus cos 24

similarly we compute that To 1234

Sincethe corresponding permutation representation is a homomorphism

Don Su we can determine where the rest of Dr goes since we
know where its generators go

i.e Qing qiqj



Since we know a lotabout the structure of a group we in turn

know a lot about this action

th G a group HEG and let G act on the set A of left cosets
of H by left multiplication Let IT G SA be the associated
permutation representation Then

1 G acts transitively on A

2 The stabilizer in G of lH EA is H

3 the kernel of the action ie KerITH is gxHx and Kent

is the largest normal subgroup of G contained in H

Pf
1 Let gH HH EA Then hg gH hg gH hH so G acts
transitively

2 g IH IH gH IH es g e H

3 hurt gcGI g XH XH f G

goGI gxH xH t x c G

goGI x gHH H t x cG

goGI x gx cH t G

g cGI g exHx tf x c G MxHx
GG

To show that KevTH is thelargest normal subgroup of G in H



we first note that itis normal since it's the kernel of a map
and Kerth E H since it gH H then gcH

If NEG and NEH Tun t x a G N x Nx E xHx 1

N E MxHx Kenta D

Now we can prove a big result in group theory

Simon Every group is isomorphic to some subgroup
of a symmetricgroup If lat h on then G is isomorphic

to a subgroup of Sn

PI Set It and apply the previous theorem Then

IT G Sa Where A the coset of 1 G

KerIT Axl x I IT is injective D

Historically finite groups were only studied as subgroups of Su

We can also now proveanother result that will helpus classify finite

gimps

Cer If G is a finite group of order u and p is the smallest

prime dividing in then any subgroup of index p is normal
Note we alreadyshowed this in the case p 2



PI Suppose HEG and IGHI p let G act on left cosets
of H and IT the corresponding permutation representation

let K kent Then KEH Let HKl k Thun

la KI IG H HKI pk by applying Lagrange's Thm three times

since It has p left cosets ITH G Sp so is isomorphic

to IT G Esp Thus 1 1 1 1 pk p kKp D

But k lal so every prime dividing k must be Zp
But the only primes dividing p l are p Thus k I

I H ie l JH k which is normal D


